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1. INTRODUCTION 
The present note is concerned with several inequalities for certain finite 
sums of positive real numbers and their integral analogues. To set the stage, 
let m and 71 be positive integers; t = (tl ,..., t,) an m-tuple of positive real 
numbers; 01 = (aI ,..., a,) an m-tuple of positive real numbers such that 
cpsl OIi = 1; x = (x1 ,..., x,J an n-tuple of positive real numbers; and T a 
nonzero real number. The “sum of order 7,” S,(x), is defined by 
Let the arithmetic, geometric, and harmonic means of the numbers t, ,..., t, , 
with weights q ,..., 01, , be denoted by, respectively, 
4t; a) = f acti ,
i=l 
G(t; a) = fi t;‘, 
i=l 
and 
fqt; a) = 2 c+t;l -l. ( ) i-l
Beckenbach [l ; Theorem 21 has shown that S,(x) is a convex function of 
7, for T > 0. This means that 
tact:&) G : %St,(X> (1) 
i=l 
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(see Beckenbach and Bellman [2; p. 191). However, in Theorem 1 of [l], 
Beckenbach has also shown that log S,(X) is a convex function of T, for 7 > 0. 
This gives (see [2; p. 191) 
which is stronger than (1) 
yields 
S&&J) d fi q(x), (2) 
i=l 
because the arithmetic-geometric mean inequality 
In Section 2, there is given an inequality which improves the lower bound 
of inequality (2). This stronger inequality is shown to be “best possible” 
in a certain sense. 
Section 3 contains a generalized mean analogue of the inequality of 
Section 2. Again, the inequality is shown to be “best possible” in a certain 
sense. 
Finally, Section 4 is concerned with an integral norm analogue. This 
result also turns out to be “best possible” in a certain sense. It is also shown, 
in Theorem 4, that this integral norm inequality is the only possible inequality, 
amongst a certain class of inequalities, which can hold in the given circum- 
stances. 
2. SUMS 
Since the arithmetic mean on the right-hand side of (1) has been replaced 
by a geometric mean, see (2), one might conjecture that the arithmetic mean 
A(t; CX) in (2) could be replaced by the geometric mean G(t; a). This would 
yield 
SG(tdX) < fi s?$x>, (3) 
i=l 
which is stronger than (2) since S,(X) is a nonincreasing function of T, for 
7 > 0 (“Jensen’s inequality”; see [2; p. 181). That (3) actually holds is a 
consequence of the even stronger inequality, (4), in the following theorem. 
THEOREM 1. Under the assumption that t and OL are m-tuples of positive 
numbers, with CT=1 oli = 1, and that x is an n-tuple of positive numbers, one has 
~HdX) < 5 qw. (4) 
i=l 
Equality holds ;f and only if either t, = +** = t, or xl = ‘.. = x, . 
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PROOF. Writing H for H(t; a), one has 
x 
xi z 
= x~~H . . . x;n~H, 
for i = 1 ,..., n. Holder’s inequality (see [2; p. 20, Eq. 11) then gives 
&H(x) =i XiH = %$I xy ..* XFH 
i=l 
qHl t, 
1 [ * . . (5) 
since 
%H --+...+A?+& .H-I. m 
But, the inequality of (5) is equivalent to the desired conclusion, namely, 
inequality (4). 
The equality condition for Holder’s inequality shows that equality holds 
in (5) (and hence, (4)) if and only if the m n-tuples 
(x3 ,..., x2) )..., (x4- ,..., x;y 
are proportional (pairwise). It is clear that these n-tuples will be proportional 
if either t, = **a = t,,, or x1 = ... = x, . Conversely, suppose these n-tuples 
are proportional. Then, for any integers j and k, with 1 < j, K < m, there 
exist numbers h and CL, not both zero, such that 
hjj = &, i = l,..., n. 
Since the xi are positive, one must have that both h and p are positive. Thus, 
xy” = CL h ’ i = I,..., n; 
and hence, either tj = t, or xi = a** = x, . But, since j and k were “arbi- 
trary, ” it follows that either t, = a** = t, or xi = **a = x, , as desired. 
REMARK 1. For fixed t and CL, the inequality of (4) is the “best possible” 
in the sense that the lower bound cannot be replaced by a sum of order less 
than H(t; a). To see this, set x1 = ... = x, in (4); which gives equality in (4). 
But, since the xi are positive, S,(x) is strictly decreasing for 7 > 0. Hence, 
H(t; a) cannot be replaced by a smaller positive number, while still retaining 
the sense of (4). 
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Furthermore, inequality (4) is also “best possible” in the sense that the 
upper bound cannot be replaced by a function of Stl(x),..., Stm(x) which 
is less than or equal to the geometric mean on the right of (4), but which is 
not the geometric mean itself. If inequality (4) were not “best possible” in 
the sense just described, then there would exist a real-valued function 
‘dY1 )“.Y ym), defined for yi > 0 (; = I,..., m) such that 
fory, 3 0 (i = l,..., m), and 
Suppose there exist $ ,...,Tm (2 0) for which 
(and hence, jji > 0 for i = I,..., m). Choose x1 = *.* = x, = c, n > 1, such 
that 0 < c < miniGiG,yi. Let 
Then 
log n -- 
ti = log(j$/c) ’ 
i = l,..., m. 
nl’H(tior)C ,< g(cnl’t$,., CTP”) = g(jJ ,..., j&J < fi jq’ 
i-l 
a contradiction. 
The relationship of the above inequalities for sums is most clearly brought 
out by writing them in the form 
i=l i=l 
The sense of inequality (4) reverses if the numbers t, ,..., t, are all negative. 
This follows from the above theorem upon replacing ti by - ti > 0 
(i = I,..., m) and si by I/X( (i = I ,..., n). Thus, one has the following 
corollary. 
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COROLLARY. If CY is an m-tuple of positive numbers, with CEl CQ = 1, t is 
an m-tuple of negative numbers, and x is an n-tuple of positive numbers, then the 
sense of inequality (4) reverses, that is, 
3. MEANS 
While Theorem 1 and its corollary were stated in terms of the sums S,(x), 
one can actually prove similar results for the corresponding means, with 
positive weights wr ,..., w,; these means are given by 
where w = (wr ,..., w,), CEr wi = 1, and 7 is positive. These analogous 
results for means are stated in the following theorem. 
THEOREM 2. Under the assumption that t and a: are m-tuples of positive 
numbers, with Cbl aci = 1; that x is an n-tuple of nonnegative numbers; and 
that w is an n-tuple of positive numbers, with Cy+ wi = 1, one has 
Mm,&; w) < fi MT+; 4. (6) 
i=l 
Equality holds if and only ;f either t, = a** = t, or all nonzero xi are equal. If 
01 and w are as above, x is an n-tuple of positive numbers, and t is an m-tuple of 
negative numbers, then one has 
M~(t;&x; w) > fi MT@; w). (7) 
i=l 
Equality holds if and only if either t, = me* = t, or x1 = a** = x, . 
PROOF. As before, writing H for H(t; ar), one has 
wixt H = (wywlX~‘~) . . . (w~mwnx;m~), 
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for i = l,..., n. Holder’s inequality now gives 
which yields (6), upon raising both sides to the l/H power. 
The equality condition for Holder’s inequality shows that equality holds in 
(8) (and hence, (6)) if and only if the m n-tuples 
( 11 WlXl , . . ., wnx2) ,+.. , ( WlXF,.. .) wnx;q 
are proportional (pair-wise). These n-tuples will be proportional if either 
t1 = *** = t or all nonzero xi are equal. Conversely, suppose these n-tuples 
are proportional. Then, for any integers j and K, with 1 <i, K < m, there 
exist numbers X and /*, not both zero, such that 
hw,x,“j = /LWjXF, i = I,..., n; 
that is, 
&jj = pp, i = I,..., n. 
The remainder of this argument now follows in the same way as in the proof 
of the equality condition of Theorem 1, taking into account the possibility 
that several of the xi may be zero. 
In the event that t is an m-tuple of negative numbers, one obtains the rever- 
sal of (6), namely (7), by means of the procedure indicated for the preceding 
corollary. That is, one replaces ti by - ti > 0 (i = I,..., m) and Xi by l/xi 
(i = l,..., n) in (6) to obtain (7). 
REMARR 2. Theorem 2, upon taking wi = l/n (z’ = l,..., n), immediately 
gives Theorem 1 and its corollary as special cases. 
REMARK 3. For fixed t, 01, and w, the inequality (6) of Theorem 2 is the 
“best possible” in the sense that the lower bound cannot be replaced by a 
mean of order greater than H(t; LY). Suppose n > 1 and that inequality (6) 
is not best possible in the sense just described. Then there will be a number 
Y > H(t; a) such that 
Setting xi = *** = x,+i = 0 and x, f 0 in this last inequality gives 
w;frxn < (wpx~) . . . (W;“‘tmX;m) = W;IH(t:a’)X*; 
4og/22j2-2 
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that is, 
a contradiction. 
Furthermore, inequality (6) of Theorem 2 is also “best possible” in the 
sense that the upper bound cannot be replaced by a function of 
WJx; w),..., Kvj x; W) which is less than or equal to the geometric mean on 
the right of (6), but which is not the geometric mean itself. If inequality (6) 
were not “best possible” in the sense just described, then there would exist a 
real-valued function g(y, ,..., y,), defined for yi > 0 (; = I,..., m), such that 
for yi 2 0, i = i,..., vlt, and 
Suppose there exist y1 ,,.., jjm (3 0) for which 
(and hence, jji > 0 for i = l,..., m). Choose x1 = **a = xnel = 0, 
m=14i.,ln9i < x,, n > 1, and 
log wn 
ti = log(J@J ’ O1 
i = l,..., m. 
Then 
a contradiction. 
,,I 
= [!’ 
W;kxnyc _ W;lH(t:dX, , 
REMARK 4. Let Y, s, and t be numbers such that 0 < Y < s < t. In 
inequality (6) of Theorem 2, with m = 2, the choice t, = 7, t, == t, 
1 t ~- s t s -. 1 
a1L-'-- and 
s t--r 
3---'---z 
s t--r 
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gives (after raising both sides to the s power) 
M,s(x; w) < [M,yx; W)](t-s)/(t-r) * [M,@; W)](+~)-r). 
This is “Liapounoff’s inequality” (see Hardy et al. [3; p. 271). 
In [3; p. 721 it is shown that 7 log MT(x; w) is a convex function of T. 
Liapounoff’s inequality is an immediate consequence of this fact. But, more 
generally, from the convexity of T log M,(x; w), one has that 
(9) 
where B = (A ,..., Pm) is an m-tuple of positive numbers, with CL1 & = 1 
(see [2; p. 18, Eq. 71). Th is inequality follows immediately from (6) upon 
choosing 
Beti 
%=A(t;y i = l,..., m, (10) 
and noting that, in this case, 
It is not so immediate that the converse implication also holds, namely, that 
inequality (9) will yield inequality (6) upon proper selection of /3. Suppose 
that 01 is given and that /3 is to be determined from the equations (10). That 
is, the m elements of p are to be determined from the m + 1 linear equations 
tipi - olj f t&k = 0, i = I,..., m, 
k=l 
subject to the side conditions pi > 0 (i = l,..., m). A solution of this problem 
is suggested by (10) and (1 l), which give 
pt = 5 H(t; a), i = l,..., m, 
z 
as a possible choice for /3. A short calculation verifies that these /Ji are indeed 
solutions, and hence, this choice of the Pi in (9) will yield inequality (6). 
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REMARK 5. In the proof of Theorem 2, use was not made of the restriction 
that Cy=r wi = 1. Thus, inequalities (6) and (7) hold without the assumption 
CT=“=, wi = 1. In this case, the quantity M,(x; w) may not be interpreted as a 
“mean,” but must be thought of as a “weighted sum.” 
4. INTEGRAL NORMS 
It is clear that integral analogues of Theorems 1 and 2 hold, since all that 
was involved in the proofs of these theorems was an application of Holder’s 
inequality. Such an integral analogue is formalized in Theorem 3 below. 
Let (X, A, p) be a measure space, where X is the abstract space, A is a 
u-algebra of subsets of X, and p is a measure on A, with p(X) > 0. As usual, 
forfEL,(X, -4 p), 7 > 0, define llf IL by 
THEOREM 3. Suppose f is a complex-valued function defined on X, with 
f ELti(X, A, p) for i = l,..., m; and that t and 01 are m-tuples of positive real 
numbers, with CL1 CQ = 1. Then 
If IlH(t:al < fi llf 11:; ’ 
i=l 
(12) 
Equality holds if and only ;f either 
t, = a** = t, 
or there exists a real number c such that, except for a set of measure zero, [f ( 
takes on only the values zero or c. 
PROOF. Using Holder’s inequality for integrals one has, upon setting 
H = H(t; a), 
II&~= j,lf I”dp = j,lfIS1”... lfl”mXdp 
which is the desired conclusion. 
Equality holds in Holder’s inequality if and only if the m numbers 
If /+I,..., If /+m are proportional (pairwise) p - a.e. on X, which can easily 
be shown to be equivalent to the equality condition stated in the theorem 
(see the proof of Theorem 1 for the necessary details). 
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REMARK 6. There is an integral analogue of inequality (9) which reflects 
the convexity of 7 log IIf IIT (see, e.g., Hewitt and Stromberg [4; p. 196, 
(13.19)] for the case m = 2). This inequality bears the same relationship 
to the inequality of Theorem 3 as inequality (9) bears to inequality (6) of 
Theorem 2 (see the remarks following the proof of Theorem 2). 
REMARK 7. For fixed t and 01, with t, ,..., t, not all equal, the inequality 
(12) of Theorem 3 is “best possible” in the sense that: 
(1) if there exists U E A, with 0 < p(U) < 1, then the lower bound 
cannot be replaced by Ilf /ll. , where H(t; LX) < r; 
(2) when p(X) > 1 and there exists U E A, with 1 < p(U) < 03, then 
the lower bound in (12) cannot be replaced by IIf IIT , where 0 < Y < H(t; LX). 
In the event that p(X) < 1, the lower bound in (12) can be replaced by 
l/f /II., for any Y such that 0 < Y < H(t; a); however, in this case, IIf I/+ 
is a nondecreasing function of 7 for 7 > 0 (see, e.g., [4; p. 196, (13.17)]), and 
such a replacement would constitute a weakening of inequality (12); hence, 
the lower bound of (12) is again best possible. 
Consider case (1). If inequality (12) is not best possible, in the sense 
described above, then 
llf IL G fi Ilf II”;: 
i=l 
for some Y such that H(t; a) < Y. Suppose U E A, with 0 < p(U) < 1; c is a 
positive real number; and 
f=I; z; u x - u. 
Then 
c[p( U)]“’ < fJ (c[p( u>pp 
t=1 
which gives 
= c[p( U)]l/HW, 
a contradiction. 
1 < [p( U)]“H’t:+“r < 1, 
Secondly, consider case (2). If, when p(X) > 1, inequality (12) is not best 
possible, in the sense described above, then 
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for some Y such that 0 < Y < H(t; IX). Suppose U E A, with 1 < p(U) < 00; 
c is a positive real number; and 
Then, as in case (l), 
a contradiction. 
1 G MVI l/H(t;ci-llr < 1, 
Furthermore, inequality (12) is also “best possible” in the sense that: 
if there exists U E A, with 0 < ,u( U) < 00, p(U) f 1, then the upper bound 
of (12) cannot be replaced by a function of i/f Ilt, ,..., l/f /It,, which is less 
than or equal to the geometric mean on the right of (12), but which is not the 
geometric mean itself. If equality (12) were not best possible, in the sense just 
described, then there would exist a real-valued function g(yi ,..., 3/m), defined 
for yi >, 0 (z’ = I,..., m), such that 
dY 1 9.~.,ym) G fi Y? 
i=l 
for yi > 0 (i = l,..., m), and 
llf Ima) G g(llf IhI’“” llf IIt,) (13) 
for f EL,((X, A, CL) (; = l,..., m). Suppose there exist yr ,.,., ym (3 0) for 
which 
(and hence, yi > 0 for i = I,..., m). Suppose U E A, with 0 < p(U) < co, 
p(U) f 1; c is a positive real number such that 
c >jji (i = l,..., m) if I”(U) < 1, 
c <yi (i = l,..., m) if p(U) > 1; 
f is defined by 
and t = (tr ,..., t,) is determined by 
&a, = kP(U) ) 0 
z 
ww) ’ 
i = l,..., 712. 
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Then (13) gives 
c[p( U)]l’H(t;N) < y(c[p( up,..., c[p( U)]l’““) 
= rli, (c[p( up)“’ = c[p( U)]l’J-), 
a contradiction. 
Upon joining the result of Theorem 3 (with the exception of the equality 
condition) and the content of Remark 7, one obtains the following theorem. 
THEOREM 4. Let r be a positive real number. Then a necessary and sufficient 
condition that 
independently of the choice of (X, A, P) and off EL,,(X, A, CL) (i = I,..., nz), 
is that 
Y = H(t; a). 
Furthermore, let g(y, ,..., ym) be a real-valued function, defined for yi > 0 
(i = l,..., m), such that 
dY1 ,***9 Ym> < fi Y? 
i=l 
whenever y1 , . . . , ym are nonnegative. Then a necessary and sufficient condition 
that 
independently of the choice of (X, A, p), f cL,d(X, A, CL) (i = l,..., m) and t, 
is that 
dY1 s-*-9 Ym)=~Y~ 
i=l 
whenever y1 ,..., ym are nonnegative. 
REMARK 8. Theorem 4 is particularly surprising when one notes that a 
similar result does not hold for sums or means. See, for example, the chain 
of inequalities for sums which follows Remark 1. 
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